ABSTRACT The concepts of the topology of finite point sets are applied to a mathematical description of molecular structure. The combinatorial properties of the "bond topology," which arises naturally from atomic adjacency relationships within a molecule, are investigated in detail. The collection of closed sets, the cotopology, is found to be related to bonding. Combinatorial weights of bonds over the cotopology are defined and explicit expressions for a general molecule are derived. The bond weights are found to parallel molecular orbital bond orders. It is concluded that much of the variation in ir bond orders is topological in origin.
The nonmetric aspects of the structures of molecules have in the past been described largely in the language of graph theory (see, e.g., ref. 1) with the atoms and the bonds between them being represented as the vertices and edges, respectively, of a graph. As it has been applied to bonding, the graph-theoretical approach is often a restatement of Huckel molecular orbital theory. In this paper we present an alternative description based on the concepts of the topology of finite point sets. Specifically, we associate with a molecule a topological space* consisting of a set of points representing atomic orbitals together with a collection of open sets, the topology, which describes the bonding relationships among the atoms. An important consequence of the fact that we deal with finite topologies-rather than the continuous ones which are the usual subjects of topology-is that these spaces have a rich combinatorial structure. The analysis of this structure is the principal aim of this paper. While the topological description yields some striking parallels with the results of molecular orbital theory, the two are by no means isomorphic. We will restrict our considerations here to the 7r systems of conjugated hydrocarbons as the simplest illustration of the topological concepts.
We start from the set X of atomic r orbitals and we wish to construct a topology that reflects the structure imparted to X by the atomic connectivity. This connectivity is completely described by the collection eV of two-sets Ji, jj which express adjacency, i.e., {i, jJ ( eV if and only if atoms i and j are adjacent. Clearly c is not in itself a topology, or even a basis for a topology; e.g., the intersection of two elements of eV is not in eV. However, eV is a subbasis since the union of all members of eV is X. We will call the topology generated by e as a subbasis the bond topology. Since X is finite, the collection of closed sets is also a topology, which we will call the cotopology. It turns out that the combinatorial structure of the bond cotopology reflects remarkably closely the bonding relationships within the molecule. A simple example of the generation of a topology and cotopology from a subbasis is given in Table 1 [2] where r is the number of r-type atoms and s and s' are the number of simple and branched terminations, respectively. The generating function for the closed sets follows from the observation that each closed set of cardinality k corresponds to an open set of cardinality n -k, i.e., in [1] , Nkc = N0n-k and hence G,(z) = ZnGo(z-1) = (1 + Z)t(l + z + Z2)s(I + 2z + z2 + Z3)s'. uiJ z [3] From [2] one can immediately derive the formula for the total number of open sets in the topology; from [1] this is simply Go(1), i.e., TI = 2r3s5s'. The cardinality of the cotopology @9, i.e., the number of closed sets, is, of course, the same.
In addition to the generating functions [2] and [3] 
The values of X, ,u, and v for the twelve one-and two-sets of [6] interest are given in Table 2 .
[6]
We define the weight of a set Y C X over a collection A of sets Ai as [7] Similar reasoning for a two-set {i, jI leads to Nkc(i, j) = Nn-k -Non-k(i) -Non-k(j) + Nn-k(i, ), [8] and Gc(i, j; z) = Zn[Go(z-) -Go(i; z-1) Go(j; z-') + Go(i, j; z-1)]. [9] Eqs. 7 and 9, together with 5, lead to the following form for the closed-set generating functions: Gc(Y; z) = zX+2u+3v(1 + Z)r-X x (1 + z + z2)s-p(l + 2z + Z2 + Z3)S'-,. [10] WA(Y)= IYI E lAil/ylAji.
If the probability of selecting a random set of A is taken to be proportional to its cardinality, then the weight of Y over A is equal to the probability that a set selected from the collection will contain Y, multiplied by the cardinality of Y. The weights of the sets in Table 2 Table 3 . Fig. 1 presents a statistical comparison between bond orders and topological weights for all 8-atom ir systems for which s' = 0, i.e., 5r + 1Os + 14s' = 40, so that from [12] the weight of a given type of bond two-set is the same for every molecule. It is seen that, except for Jr, rjbonds, the bond orders cluster in a narrow distribution about the topological weight. Even for the tr, ri-bonds the mean of the bond order distribution is quite close to the weight. Fig. 2 gives yet a third comparison for cyclic and linear polyenes. For the former, the general dependence of bond order on molecular size is well reproduced by the weights, while in the latter case the bond order alternation is paralleled in the weights near the end of the molecule but the oscillation in weight is damped out completely in the interior. From these results it is tempting to conclude that a significant part of the variation in ir bond orders is topological in origin. This, we believe, reflects the key role played by the terminations of the molecule, as fixing the boundary conditions on molecular wave functions and as determining the topological classification of the atoms. On the other hand, not all structurally significant features are reflected in the topology. For example, in the bond topology of ir-electron systems presented above all purely cyclic molecules of a given number of carbon atoms are homeomorphic; that is, they all have the discrete topology consisting of the power set of X and all bonds have equal weights independent of the number of cycles, bridging, etc.
While the bond topology is a very natural one, it is by no means the only way of topologizing a set of atoms. We have examined several other such topologies but none of them has yielded a collection of sets that relate to the bonds of the molecule in the satisfying manner of the closed sets of the bond topology.
We are pursuing several extensions of the topological analysis presented here. One of these involves expanding the space X by associating several points with each atom in order to represent a as well as xr orbitals. It is also possible to apply these concepts to other classes of molecules, e.g., alkanes. Finally, much is known from topology about the properties of mappings from one topological space to another; the relations between these topological properties and chemical transformations are being examined.
